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1 Structure and high symmetry points
The Cmcm and Pnma phases are orthorhombic and their structure is shown in the main text.
The Cmcm phase has a centering in the XZ plane of the rectangular conventional cell and
contains 4 atoms in the primitive cell. The primitive cell of the Pnma phase is the conventional
cell and contains 8 atoms. The primitive lattice vectors of the Cmcm structure are: a1 =
(a/2, 0, c/2), a2 = (−a/2, 0, c/2) and a3 = (0, b, 0), where a (long axis), b and c are the lattice
constants of the conventional cell.
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Symmetry point Reduced q vector
Z 0.0, 0.0, 0.5
R 0.0, 0.5, 0.5
S 0.0, 0.5, 0.0
Γ 0.0, 0.0, 0.0
Y 0.5, -0.5, 0.0
T 0.5, 0.5, 0.5
Table 1: Reduced q vectors of the high symmetry points in the Brillouin zone of the Cmcm
phase. The coordinates are given with respect to the reciprocal lattice vectors of the primitive
cell.
The atomic positions (x, y, z in crystal units) in the Cmcm phase belong to the 4c Wyckoff
position and at 700 and 800 K for LDA are the following:
Sn (T=700 K) 0.1250893457 0.0 0.5
Se (T=700 K) 0.3591529376 0.0 0.5
Sn (T=800 K) 0.1254334803 0.0 0.5
Se (T=800 K) 0.3593533288 0.0 0.5
They are basically the same at the temperatures used in the main text, because the only degree
of freedom is in the x direction. The reciprocal lattice vectors of the Cmcm primitive first
Brillouin zone are b1 = 2pi(1/a, 0, 1/c), b2 = 2pi(−1/a, 0, 1/c) and b3 = 2pi(0, 1/b, 0). The high
symmetry points and their coordinates used in phonon dispersion figures are listed in table 1.
2 Calculation methods, pseudopotentials and parameters
Our calculations are based on Density Functional Theory (DFT) using the QUANTUM-ESPRESSO[1]
software package and pseudopotentials taken from its web page. Harmonic phonons were cal-
culated within Density Functional Perturbation Theory[2] and perturbative third-order force-
constants (TOFC) were calculated within Density Functional Pertubation Theory[3] (DFPT)
or finite differences[4]. Anharmonic phonons and non-perturbative TOFCs were calculated us-
ing the SSCHA. For the exchange-correlation interaction we use the Perdew-Burke-Ernzerhof[5]
(PBE) generalized gradient approximation and the local density approximation (LDA) with
ultrasoft[6] (US) and Projector Augmented Wave method[7] (PAW) pseudopotentials respec-
tively. Due to limitations in the implementation of perturbative TOFCs within DFPT we use
norm-conserving (NC) pseudopotentials[8] and finite differences within PBE. In the LDA case
we can see the comparison with the PAW pseudopotential (using a finite difference approach[4])
for the thermal conductivity in Fig. 1. We also include the calculation with effective charges
in the phonon spectrum, as we can see, the difference is negligible. The calculation beyond the
Single Mode Approximation (SMA) (the iterative method[9]) is also included. As it is expected
for high temperatures, the effect is small. The thermal conductivity in the fully relaxed structure
is also included, as we can see the volume effect is small. We use a cutoff energy of 70 Ry and
a grid of 16 × 16 × 16 K points to sample the first Brillouin zone. For the harmonic phonon
calculations we use a 6× 6× 6 supercell and a 2× 2× 2 one for the TOFCs. The convergence
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of the TOFCs is tested in the thermal conductivity with a 4 × 4 × 4 supercell in Fig. 1 and
the difference is small. For the SSCHA calculation we use a 2 × 2 × 2 supercell. Then, for the
phonon dispersion, we interpolate the difference between the harmonic and anharmonic force-
constants in the 2 × 2 × 2 supercell to the 6 × 6 × 6 and we add it to the 6 × 6 × 6 harmonic
force constants. For the linewidth calculations we use a 20× 20× 20 q points grid obtained by
Fourier interpolation with a smearing of 1 cm−1. For the thermal conductivity calculation we
use a 10× 10× 10 grid of q points to sample the first Brillouin zone. We have done calculations
in denser grids to test these parameters.
3 Volume effects in the harmonic phonon spectrum
In this section we will analyze the volume effects in the harmonic phonon spectrum of Cmcm
SnSe. In Fig. 2 we can see the LDA and PBE phonon spectra in the theoretical and experimental
structures. As we can see, within LDA, the difference between phonons in the theoretical and
experimental structures is clearly visible. Due to the bigger volume in the experimental cell, there
is a red shift of almost all the vibrational modes and furthermore, more imaginary frequencies
arise at the Γ and Y points. Within PBE, the phonon spectra in the theoretical and experimental
structures are much more similar, because the lattice parameters in these structures are very
similar as well. These results are in agreement with our Tc calculations shown in the main text,
where Tc is basically the same in the two structures within PBE and completely different within
LDA. We conclude that the harmonic phonons of SnSe are very sensitive to the volume of the
unit cell.
In order to compare with the calculations in Ref. [10] and see whether the change from
c/b > 1 to c/b < 1 is responsible for creating the instability at the point Y , we have done the
phonon calculation using the lattice parameters of Ref. [10]. The result is shown in Fig. 3. It
is clear that the change in the lattice parameters does not alter the instability, as expected for
such a small change.
4 Anharmonic theory: SSCHA
We study the lattice dynamics of SnSe in the Born-Oppenheimer (BO) approximation, thus we
consider the quantum Hamiltonian for the atoms defined by the BO potential energy V (R).
With R we are denoting in component-free notation the quantity Rsα(l), which is a collective
coordinate that completely specifies the atomic configuration of the crystal. The index α de-
notes the Cartesian direction, s labels the atom within the unit cell and l indicates the three
dimensional lattice vector. In what follows we will also use a single composite index a = (α, s, l)
to indicate Cartesian index α, atom s index and lattice vector l. Moreover, in general, we will
use bold letters to indicate also other quantities in component-free notation.
In order to take into account quantum effects and anharmonicity at a non-perturbative
level, we use the Stochastic Self-Consistent Harmonic Approximation (SSCHA). For a given
temperature T , the method allows to find an approximation for F (R), the free energy of the
crystal as a function of the average atomic position Ra (the centroids). For a given centroid
R, the SSCHA free energy is obtained through an auxiliary quadratic Hamiltonian, the SSCHA
Hamiltonian HR. In a displacive second-order phase transition, at high temperature the free
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energy has a minimum in a high symmetry configuration Rhs but, on lowering temperature,
Rhs becomes a saddle point at the transition temperature Tc. Therefore, the free energy Hessian
evaluated in Rhs, ∂2F/∂R∂R|Rhs , at high temperature is positive definite but it develops one
or multiple negative eigendirections at Tc. The SSCHA free energy Hessian can be computed by
using the analytic formula (in component-free notation)
∂2F
∂R∂R = Φ +
(3)
ΦΛ(0)[1−
(4)
ΦΛ(0)]−1
(3)
Φ, (1)
with
Φ =
〈
∂2V
∂R∂R
〉
ρHR
,
(3)
Φ =
〈
∂3V
∂R∂R∂R
〉
ρHR
,
(4)
Φ =
〈
∂4V
∂R∂R∂R∂R
〉
ρHR
, (2)
where the averages are with respect to the density matrix of the SSCHA Hamiltonian HR. i.e
ρHR = e
−βHR/tr[e−βHR ] (labeled as ρR,Φ in the main text), and β = (KBT )−1 where KB is the
Boltzmann constant. In Eq. 1 the value z = 0 of the 4th-order tensor Λ(z) is used. For a generic
complex number z it is defined, in components, by
Λabcd(z) = −1
2
∑
µν
F˜ (z, Ω˜µ, Ω˜ν)×
√
~
2MaΩ˜µ
eaµ
√
~
2MbΩ˜ν
ebν
√
~
2McΩ˜µ
ecµ
√
~
2MdΩ˜ν
edν , (3)
with Ma the mass of the atom a, Ω˜
2
µ and e
a
µ eigenvalues and corresponding eigenvectors of
D
(S)
ab = Φab/
√
MaMb, respectively, and
F˜ (z, Ω˜µ, Ω˜ν) =
2
~
[
(Ω˜µ + Ω˜ν)[1 + nB(Ω˜µ) + nB(Ω˜ν)]
(Ω˜µ + Ω˜ν)2 − z2
− (Ω˜µ − Ω˜ν)[nB(Ω˜µ)− nB(Ω˜ν)]
(Ω˜µ − Ω˜ν)2 − z2
]
(4)
where nB(ω) = 1/(e
β~ω−1) is the bosonic occupation number. Evaluating through Eq. 1 the free
energy Hessian in Rhs and studying its spectrum as a function of temperature, we can predict
the occurrence of a displacive second-order phase transition and estimate Tc. In particular, since
we are considering a crystal, we take advantage of lattice periodicity and we Fourier transform
the free energy Hessian with respect to the lattice indexes. Therefore, since there are 4 atoms
in the unit cell of SnSe, we actually calculate the eigenvalues of the two dimensional 12 × 12
square matrix ∂2F/∂Ra(−q)∂Rb(q) in different q of the Brillouin zone.
As shown in ref. [11], in the context of the SSCHA it is possible to formulate an ansatz in
order to give an approximate expression to the one-phonon Green function G(z) for the variable√
Ma(R
a −Rahs):
G−1(z) = z21−M− 12ΦM− 12 −Π(z), (5)
where G−1(0) = −D(F ), D(F )ab = 1√MaMb
∂2F
∂Ra∂Rb , and Π(z) is the SSCHA self-energy, given by
Π(z) = M−
1
2
(3)
ΦΛ(z)[1−
(4)
ΦΛ(z)]−1
(3)
ΦM−
1
2 , (6)
where Mab = δabMa is the mass matrix. As can be seen in Fig. 4, for the applications considered
in the present paper, the static term
(4)
ΦΛ(0) is negligible with respect to the identity matrix.
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We can also see the convergence of the frequencies with respect to the amount of stochastic
configurations. Extending this approximation to the dynamical case reduces the SSCHA self-
energy to the so called bubble self-energy, namely
Π ≈ Π(B)(z) = M− 12
(3)
ΦΛ(z)
(3)
ΦM−
1
2 . (7)
We then neglect the mixing between different phonon modes and assume that Π(z) is diagonal
in the basis of the eigenvectors eaµ(q) of Φab(q)/
√
MaMb where Φab(q) is the Fourier transform
of the real space Φ (now a and b represent atoms in the unit cell and Cartesian indices). We
then define
Πµ(q, ω) =
∑
a,b
eaµ(−q)Πab(q, ω + i0+)ebµ(q). (8)
The phonon frequencies squared, Ω2µ(q), corrected by the bubble self-energy are then obtained
as
Ω2µ(q) = Ω˜
2
µ(q) +ReΠµ(q, Ω˜µ(q)), (9)
where Ω˜2µ(q) are the eigenvalues of the Fourier transform of D
(S).
In studying the response of a lattice to neutron scattering we need the one-phonon spectral
function. By using Eq. 5 for G(z) we can calculate the cross-section σ(ω) = −ωTrImG(ω +
i0+)/pi, whose peaks signal the presence of collective vibrational excitations (phonons) having
certain energies, as they can be probed with inelastic scattering experiments. Again, we take
advantage of the lattice periodicity and we Fourier transform the interesting quantities with
respect to the lattice indices. In particular, we consider the Fourier transform of the SSCHA
self-energy, Πab(q, z). Neglecting the mixing between different modes, the cross section is then
given by
σ(q, ω) =
1
pi
∑
µ
−ωImΠµ(q, ω)
(ω2 − Ω˜2µ(q)−ReΠµ(q, ω))2 + (ImΠµ(q, ω))2
. (10)
If we neglect the frequency dependence of the phonon self-energy, we get the weakly anhar-
monic limit of the cross section, which is going to be a sum of Lorentzian functions.
5 SSCHA phonons and spectral functions
In Fig. 5 we compare the harmonic, Ω˜µ(q) and Ωµ(q) frequencies in order to have an idea of
the anharmonic effects. As we can see by looking at the Ω˜µ frequencies (SCHA second-order
force-constants), all the instabilities that appear in the harmonic approximation are suppressed.
Then, by comparing the Ω˜µ and Ωµ frequencies, we see that the anharmonic third-order produces
a red shift of all the modes. Therefore, the contribution of the bubble self-energy term is crucial
in this material for all the modes, reflecting the large effect of the TOFCs.
In Fig. 6 we compare the spectral functions calculated with the non-perturbative
(3)
Φ force-
constants and perturbative
(3)
φ force-constants. We also include the spectral functions calculated
within the Lorentzian approximation. As we can see, the non-lorentzian shape of the Γ1, Γ2, Y2
and Y3 modes is increased in the non-perturbative case.
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6 Third order force-constants: Centering, acoustic sum
rule, stochastic noise and temperature dependence
In this section we summarize how we calculate proper perturbative TOFCs in real space for the
Fourier interpolation, which is crucial for calculating the linewidth or the self-energy. In general,
for the TOFCs in real and reciprocal space we can use the following notation:
(3)
φ˜ abc(q,q
′,q′′) =
1
N
∂3V
∂ua(q)∂ub(q′)∂uc(q′′)
∣∣∣∣
0
,
(3)
φ abc(l, l
′, l′′) =
∂3V
∂ua(l)∂ub(l′)∂uc(l′′)
∣∣∣∣
0
, (11)
where ua(l) is the displacement of atom a (a accounts also for the Cartesian index) in cell l,
ua(q) its Fourier transform, and N the number of unit cells in the crystal. Within perturbation
theory,
(3)
φ˜ matrices are calculated ab initio on a uniform grid of q points centered in the origin,
meaning that both vectors q′ and q′′ run on the grid, while q = −q′ − q′′. We then define the
Fourier interpolation
(3)
φ abc(0, l
′, l′′) =
1
N2
∑
q′,q′′
(3)
φ˜ abc(q,q
′,q′′)e−i(q
′·l′+q′′·l′′), (12)
where the sums are performed in the grid points. We can set l = 0 because of translational
symmetry. TOFCs calculated in this way are named non-centered TOFCs and they are not
physically sensible, because they are periodic in real space and do not exponentially decay when
the distances among the three atoms increase. Therefore, they are not the best option for
the Fourier interpolation. In order to calculate proper TOFCs
(3)
φ
cen
, we apply the following
procedure: The force-constants
(3)
φ abc correspond to three atoms at the positions τa, τb + l
′ and
τc + l
′′, where τa are the atomic position vectors inside the unit cell. The three atoms form a
triangle with perimeter P = |d1|+ |d2|+ |d3|, where d1, d2, d3 are the distances among the three
atoms. First of all we calculate the perimeter P of the triangle. If P is the shortest perimeter
among the perimeters of all the triangles formed by the triplet of atoms supercell equivalent to
the original three, we put
(3)
φ
cen
abc (0, l
′, l′′) =
(3)
φ abc(0, l
′, l′′)/Neq, where Neq is the number of triangles
with perimeter equal to P . For larger equivalent perimeters the TOFC is set to 0. This criterion
stems from the assumption of a long-range exponential decay of the force-constants and it is
named centering. That is why
(3)
φ
cen
are centered and are optimized for the Fourier interpolation.
We will see now what happens to the sum rules of TOFCs after centering. In general, physical
TOFCs fulfill the following sum rule (now we separate again into atom (ijk) and Cartesian (αβγ)
indices) ∑
l′j
(3)
φ
αβγ
ijk (0, l
′, l′′) = 0, (13)
which is named acoustic sum rule (ASR). It is straightforward that if Eq. 13 is fulfilled, the
following as well ∑
l′jl′′k
(3)
φ
αβγ
ijk (0, l
′, l′′) = 0. (14)
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It can be proven that after centering, Eq. 14 is fulfilled but not Eq. 13. Therefore, the
procedure is to first apply the centering and afterwards impose the ASR. For imposing the
ASR, as explained in Ref. [3], first of all we calculate two quantities: d1 =
∑
l′′k
(3)
φ
αβγ
ijk (0, l
′, l′′)
and q1 =
∑
l′′k |
(3)
φ
αβγ
ijk (0, l
′, l′′)| for every l′, i, j, α, β and γ. Then we apply the operation
(3)
φ
αβγ
ijk (0, l
′, l′′) =
(3)
φ
αβγ
ijk (0, l
′, l′′)− d1
q1
|
(3)
φ
αβγ
ijk (0, l
′, l′′)| for every l′′ and k iteratively until the absolute
value of the ASR is lower than a threshold value. In Figs. 7a,b we can see that the effect of
imposing the ASR in this way barely affects the TOFCs, and the difference between the TOFCs
with and without imposing the ASR is symmetric in positive and negative value.
In the case of the non-perturbative TOFCs we apply the same procedure in order to obtain
interpolable TOFCs. As the non-perturbative TOFCs are calculated stochastically, we carefully
check their convergence with respect to the number of configurations used to calculate them.
As we can see in Fig. 8 the thermal conductivity is indeed converged to a value different from
the perturbative result. In Figs. 7c,d we explicitly show the difference of the non-perturbative
and perturbative TOFCs. The value of the non-perturbative TOFCs depends on the complex
shape of the full V (R) and temperature, contrary to the perturbative ones. In Fig. 9 we can see
that in the calculations performed at lower temperatures in the PBE case, the non-perturbative
TOFCs approach the perturbative limit as expected[11]. At higher temperatures, for the LDA
calculations, the temperature dependence is weaker. The statistical uncertainty in the TOFCs
is much smaller than the difference between perturbative and non-perturbative ones.
7 Thermal conductivity
In the SMA the thermal conductivity can be written as follows[3]:
καβl =
~2
NqΩKBT 2
∑
qµ
cαµ(q)c
β
µ(q)ω
2
µ(q)nB[ωµ(q)](nB[ωµ(q)] + 1)τµ(q), (15)
where Ω is the unit cell volume, KB the Boltzmann constant, c
α
µ(q) the Cartesian component
α of the group velocity of normal mode qµ, nB[ωµ(q)] the Bose-Einstein occupation of mode
qµ given by BTE and τµ(q) the lifetime of mode qµ. As we can see from Eq. 15, the thermal
conductivity is basically proportional to the squared group velocity and lifetime. Therefore, high
group velocities and lifetimes yield a high thermal conductivity. The inverse lifetime (with γµ(q)
half width at half maximum) is calculated as follows[3]:
1
τµ(q)
= 2γµ(q) =
pi
~2Nq
∑
q′,νη
|
(3)
V µνη(q,q
′,q′′)|2
× [(1 + nB[ων(q′)] + nB[ωη(q′′)])δ(ωµ(q)− ων(q′)− ωη(q′′))
+ 2(nB[ων(q
′)]− nB[ωη(q′′)])δ(ωµ(q) + ων(q′)− ωη(q′′))], (16)
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where
(3)
V µνη(q,q
′,q′′) is the TOFC matrix written in the space of the normal modes defined by
the change of variable
∂
∂Xµ(q)
=
∑
a
√
~
2Maωµ(q)
eaµ(q)
∂
∂ua(q)
(17)
and fulfilling q+q′+q′′ = G, G being a reciprocal lattice vector. ωµ(q) is the energy of phonon
qµ.
In Fig. 10 we plot the group velocity, linewidth, cumulative lattice thermal conductivity
(κcl (ω) =
∫ ω
0
κ(ω)dω) and the phonon density of states (PDOS). As we see in Fig. 10a, due
to the layered structure of the system, the group velocity is much lower in the out-of-plane
direction x, leading to a reduced thermal conductivity. The two in-plane directions show very
similar group velocities, as we would expect in this high symmetry phase. Interestingly, we can
see in Fig. 10b that the non-perturbative linewidth has a similar dispersion to the perturbative
one, however, it is homogeneously bigger in the whole frequency range. In agreement with the
spectral function, this makes clear the need for a non-perturbative treatment of SnSe and yields
a much lower thermal conductivity as we can see in Fig. 10c. From Fig. 10c we can also extract
that almost the entire contribution to the thermal conductivity is coming from vibrational modes
with frequency smaller than 100 cm−1. Furthermore, more than 50% of the thermal conductivity
is coming from the acoustic modes (ω < 75 cm1) which, looking at the phonon density of states
in Fig. 10d, is mainly coming from the vibrations of Sn atoms. The rest of the in-plane thermal
conductivity is coming from the Sn and Se vibrations at around 90 cm−1. The situation is
different for the out-of-plane component due to its very low group velocity in the 50− 150 cm−1
frequency range. The rest of its contribution is coming from high energy modes where group
velocities are higher. The contribution of the optical modes is strongly suppressed by the large
phonon linewidths, which are a consequence of the strong anharmonicity of this compound. The
contribution of the acoustic modes is particularly low, which ensures a low κl, specially because
they can strongly scatter among themselves and with the Γ1 mode. Therefore, the strongly
anharmonic modes (Γ1, Γ2) provide an important scattering channel for lowering the thermal
conductivity and making SnSe a very good thermoelectric material.
Here we compare our thermal conductivity results with the theoretical result by Skelton et al.
[12] in Fig. 11. We can see that the different calculations agree qualitatively but quantitatively
their values are much lower. Considering that in that work only the frequencies of the Γ1 and
Y1 modes are renormalized, the comparison is not clear. Indeed, as shown in the main text, all
phonon modes across the Brillouin zone suffer from a strong anharmonic renormalization, which
affects the calculation of the thermal conductivity.
Finally, we compare the theoretical thermal conductivities for the low and high temperature
phases. Our goal is to determine how much the small atomic displacement associated to the
second-order phase transition affects the thermal conductivity of the Pnma phase. To address
that we calculate the thermal conductivities of the Pnma phase in a 1× 2× 2 supercell and, in
order to make the calculations fully comparable, we compare it with the thermal conductivity
calculated for the Cmcm phase in the same 1 × 2 × 2 conventional lattice. In both cases we
use SSCHA phonon frequencies and non-perturbative TOFCs calculated within the LDA. In
the Pnma calculations SSCHA phonons and non-perturbative force-constants are calculated
at 500 K, just below the theoretical transition, and in the Cmcm at 700 K, just above the
transition. As we can see in Fig. 12, the thermal conductivities are very similar, remarking
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that the small atomic displacement of the Pnma phase close to the transition barely affects the
thermal conductivity. It is true however that experimentally[13] and theoretically[12] the values
for the Pnma phase are a slightly higher, in agreement with our calculations. Anyhow, the
difference between the two phases close to the phase transition is considerably smaller than the
effect of anisotropy or non-perturbative calculations.
Comparing the Cmcm results of Fig. 12 with those of Fig. 5 of the main text, we can see
that the thermal conductivities are considerably lower using a 1× 2× 2 conventional cell. This
shows, that the 1× 2× 2 conventional cell calculation is underconverged for the Cmcm phase,
and probably as well for the Pnma phase. Performing calculations on a larger supercell for the
low-symmetry phase would require a non-affordable computational effort. This makes that, even
if the comparison between the two phases in Fig. 12 is fair, the absolute values in this figure
should be taken with care. On the contrary, as shown in Fig. 1, the thermal conductivity of the
Cmcm on the 2× 2× 2 primitive supercell is converged with respect to the 4× 4× 4 calculation
in a 10%. The differences between the results in Fig. 12 with those of Fig. 5 of the main text
are thus mainly related to the different q-point sampling used.
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a)
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Figure 1: κyy component of the lattice thermal conductivity within different approximations
(Perturbative (P) and non-perturbative (NP)), parameters, structures and pseudopotentials (see
legends). a) Thermal conductivity of SnSe using norm-conserving (NC) LDA pseudopotential
and a 2× 2× 2 supercell (solid red), NC LDA pseudopotential and a 4× 4× 4 supercell (black),
PAW LDA pseudopotential with a 2×2×2 supercell (dashed red), NC PBE pseudopotential with
a 2×2×2 supercell (solid blue) and NC LDA pseudopotential with a 2×2×2 supercell in the fully
relaxed structure (solid green). b) Thermal conductivity of SnSe using NC LDA pseudopotential
and a 2× 2× 2 supercell (solid red), NC LDA pseudopotential including effective charges (EC)
in a 2 × 2 × 2 supercell (dashed red), non-perturbative (NP) PAW LDA calculation using a
2×2×2 supercell and PAW LDA calculation using the iterative method in a 2×2×2 supercell.
Experimental points are shown as squares. All calculations are done using the experimental
structure but the green data in a). In the experimental lattice we use the Ω˜µ phonons at 700
K in LDA and 500 K in PBE. For the calculation in the theoretical structure we use the Ω˜µ
phonons at 400 K. The other Cartesian components show a similar behavior.
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Figure 2: a) LDA harmonic phonon spectra in the theoretical and experimental structures. b)
The same as a) within PBE. The LO-TO splitting is included in the calculations.
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Figure 3: PBE harmonic phonon spectra with the following lattice parameters: a = 22.492,
b = 8.094 and c = 8.090 (in Bohr units) (red) in one case and exchanging b and c (black) in the
other. We have done the calculation in a 2× 2× 2 supercell and Fourier interpolated to plot the
spectrum. The LO-TO splitting is included in the calculations.
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Figure 4: Left panel: Frequency of the mode Y1 as a function of temperature within LDA in the
theoretical structure within different approximations. The black circles corresponds to D(F ), the
green ones to D(S) and the red ones to D(F
′), which is the same as D(F ) with
(4)
Φ = 0. Right panel:
We show the convergence of the frequency calculated from D(F
′) with respect to the number of
stochastic configurations used for the SSCHA at different temperatures. The convergence is the
same for D(F ).
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Figure 5: Harmonic (dashed red), Ω˜µ (blue) and Ωµ (black) phonon spectra. Anharmonic
phonons are calculated at 800 K within LDA in the experimental lattice.
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Figure 6: a) Non-perturbative spectral functions calculated in the Lorentzian approximation
at the Γ point. b) The same as a) at the point Y . Dashed vertical lines correspond to Ω˜µ
frequencies. c) Non-perturbative (solid lines) and perturbative (dashed lines) spectral functions
calculated at the Γ point. d) The same as c) at the point Y . The calculations are done using
Ω˜µ SSCHA frequencies at 800 K within LDA in the experimental structure. Non-perturbative
calculations are done with TOFCs at 800 K.
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Figure 7: a) The value of the perturbative TOFCs after applying the acoustic sum rule as a
function of the value without applying it. We include a y = x line for comparison. b) A zoom of
panel a). c) The value of the non-perturbative TOFCs without ASR as a function of the value
of the perturbartive TOFCs without ASR. We include a y = x line for comparison. d) A zoom
of panel c). All the calculations are done within LDA in the experimental structure at 800 K.
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Figure 8: κyy component of the thermal conductivity (other components show a similar behav-
ior). Solid lines correspond to calculations with different number of stochastic configurations
(numbers in the legends). The dashed line corresponds to the perturbative (P) calculation. All
the calculations are done within LDA in the experimental structure at 800 K.
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Figure 9: Two different TOFCs of two different orders of magnitude calculated within PBE
and LDA at the experimental structure as a function of temperature. Dashed lines correspond
to perturbative calculations, which are independent of temperature. The value of the non-
perturbative TOFCs obtained with different amount of stochastic configurations is shown.
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Figure 10: a) Absolute value of the phonon group velocity and absolute values of the group
velocity Cartesian components. b) Average linewidth as a function of frequency for perturba-
tive (P) (red) and non-perturbative (NP) (black) approaches. c) Diagonal components of the
cumulative thermal conductivity as a function of frequency at 800 K for perturbative (P) (red)
and non-perturbative (NP) (black) approaches. d) Phonon density of states and the projections
in Sn and Se atoms. The calculations are done within LDA in the experimental structure using
Ω˜µ frequencies and non-perturbative TOFCs at 800 K.
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Figure 11: Perturbatve (P) and non-perturbative (NP) thermal conductivity within LDA with
Ω˜µ at 800 K in the experimental structure compared to the results by skelton et al. From the
data of Skelton et al. we see that κyy ∼ κzz, that is why we only show κzz.
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Figure 12: Non-perturbative LDA lattice thermal conductivity of the Pnma (solid) and Cmcm
(dashed) phases.
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